We study spaces and moduli spaces of Riemannian metrics with nonnegative Ricci or non-negative sectional curvature on closed and open manifolds and construct, in particular, the first classes of manifolds for which these spaces have non-trivial rational homotopy, homology and cohomology groups. We also show that in every dimension at least seven (respectively, at least eight) there exist closed (respectively, open) manifolds for which the moduli space of Riemannian metrics with non-negative sectional curvature has infinitely many path components. An analogous statement holds for spaces of non-negative Ricci curvature metrics in every dimension at least eleven (respectively, twelve).
Introduction
Consider a smooth manifold with a Riemannian metric satisfying some sort of curvature constraints like, for example, positive scalar curvature, non-negative Ricci or sectional curvature, negative sectional curvature, etc. A natural question to look at is how the space of all such metrics looks like. One can also ask a similar question for its moduli space, the quotient by the full diffeomorphism group, acting by pulling back metrics. These spaces are customarily equipped with the topology of smooth convergence on compact subsets and the quotient topology, respectively. The topological properties of these objects then provide the right means to measure "how many" different metrics and geometries there are.
In recent times there has indeed been much activity and progress on these issues, compare, for example, [BB15] , [Bel17] , [BFK17] , [BKS11] , [BKS15] , [BH15] , [BERW17] , [BG95] , [BG96] , [BHSW10] , [BWW17] , [BFJ16] , [Bus16] , [Car88] , [CH16] , [Che04] , [CM12] , [CS13] , [CSS17] , [DKT16] , [FGKO17] , [FG16] , [FO09] , [FO10a] , [FO10b] , [FS17] , [Gaj87] , [GL83] , [HSS14] , [Hit74] , [KPT05] , [KS93] , [LM89] , [Loh95] , [RS01] , [Rub01] , [TW15] , [Tus16] , [Wal11] , [Wal13] , [Wal14] , [Wra11] , [Wra16a] , [Wra16b] , [Wra17] .
Many of the works just cited either address spaces and moduli spaces of positive scalar curvature metrics as well as corresponding modified moduli spaces like, for example, the so-called observer moduli space, or else are concerned with spaces or moduli spaces of metrics with negative sectional curvature.
On the other hand, results on non-negative Ricci or non-negative sectional curvature metrics have remained quite scarce so far.
Indeed, for closed manifolds and the (genuine) moduli spaces of metrics of these types, all known results in general dimension (compare [KPT05] , [DKT16] ) only show that there are manifolds for which the moduli spaces of metrics with non-negative sectional curvature are not connected and can even have an infinite number of components. Moreover, in [Wra16a] an analogous result is shown for spaces (but not moduli spaces) of nonnegative Ricci curvature metrics. Also, there are results about topological properties of the space of non-negatively curved metrics on two-spheres and real projective planes and on the Gromov-Hausdorff metric on the set of isometry classes of non-negatively curved two-spheres, compare [BB15] , [Bel17] . (For the results which are known in the non-compact case please see the paragraph following Remark 1.8 below.)
In particular, to the best of the authors' knowledge, the following theorem is the very first result about the rational homotopy groups and the rational cohomology of the moduli space of Ricci non-negative metrics on closed manifolds: Theorem 1.1. Let M be a simply connected closed smooth manifold which admits a metric with non-negative Ricci curvature and let T be a torus of dimension n ≥ 4, n = 8, 9, 10. Then the moduli space M Ric≥0 (M × T ) of non-negatively Ricci curved metrics on M ×T has non-trivial higher rational cohomology groups and non-tivial higher rational homotopy groups.
We can even say more than it is stated in the above theorem: If n = 4 it is the third cohomology group (homotopy group, respectively) of the moduli space which is nontrivial. If n > 4 it is the fifth cohomology group (homotopy group, respectively) which is non-trivial. Hence, by taking products of spheres with tori we obtain in particular: Corollary 1.2. In every dimension n ≥ 6 there exist closed smooth manifolds M n with π 1 (M ) = Z 4 for which the third rational cohomology group H 3 (M Ric≥0 (M ); Q) and the third rational homotopy group π 3 (M Ric≥0 (M )) ⊗ Q of the moduli space of non-negatively Ricci curved metrics are non-trivial.
Notice that in the above corollary there is an upper bound on the rank of π 1 (M ) which is not growing with the dimension of M . If one does not impose such a bound, one could also take M to be a high-dimensional torus and arrive at a similar conclusion (see below). We think that it is an interesting question if this bound can be further improved. For example, we would like to pose the question if there are simply connected manifolds for which the conclusion of the above corollary also holds.
Let us now turn to other consequences and applications, namely, estimates for the number of path components of moduli spaces of metrics with non-negative Ricci or non-negative sectional curvature. Notice here in particular that a lower bound on the number of components in a moduli space is always also a lower bound on the number of components for the respective space of metrics. Theorem 1.3. Let M be a simply connected closed smooth manifold which admits a Riemannian metric with non-negative Ricci curvature, and let T k denote a k-dimensional standard torus, where k ∈ N.
Then the moduli space M Ric≥0 (M × T k ) of Riemannian metrics with non-negative Ricci curvature on M × T k has at least as many path components as the moduli space M Ric≥0 (M ) of metrics with non-negative Ricci curvature on M .
Moreover, this statement carries over verbatim to manifolds and moduli spaces of metrics of non-negative sectional curvature.
Remark 1.4. Note that Theorem 1.3 does also apply to spaces (and not 'just' moduli spaces) of manifolds with non-negative Ricci or non-negative sectional curvature. Notice also that the theorem can in particular be applied to flat or Ricci-flat manifolds to yield information about spaces or moduli spaces of flat or Ricci-flat metrics.
In [DKT16] examples of simply connected closed manifolds in dimensions 4k + 3 ≥ 7 were constructed. By taking products of these examples with tori and applying Theorem 1.3, we obtain: Corollary 1.5. In every dimension n ≥ 7 there exist infinite sequences of closed smooth manifolds M of pairwise distinct homotopy type for which the moduli space M sec≥0 (M ) of Riemannian metrics with non-negative sectional curvature has infinitely many path components. Remark 1.6. Let us note that such examples have so far been known only in dimensions 4k+3 where k ≥ 1, compare [DKT16] . Furthermore, by taking products of the manifolds from the above corollary with the real line and appyling Theorem 1.9 below, we can extend results of [DKT16] on non-compact spaces which were only known for manifolds of dimension 8n, n ≥ 1 and obtain: Corollary 1.7. In every dimension n ≥ 8 there exist infinite sequences of non-compact connected smooth manifolds M of pairwise distinct homotopy type for which the moduli space M sec≥0 (M ) of complete Riemannian metrics with non-negative sectional curvature has infinitely many path components. Remark 1.8. First examples of closed (respectively, open) smooth manifolds whose space (but not moduli space) of metrics with non-negative Ricci curvature has infinitely many path-components were constructed only recently by Wraith [Wra16a] . The underlying manifolds have dimension 4n − 1 (respectively, 4n) where n ≥ 3 and do not admit metrics of non-negative sectional curvature. Using those and Theorem 1.3, we obtain such examples in the closed case in every dimension n ≥ 11 and in the non-compact case in every dimension n ≥ 12.
Staying with non-compact manifolds, we would also like to point out that the soul theorem of Cheeger and Gromoll [CG72a] has been used by Kapovitch [BKS11] obtain here examples of manifolds for which the moduli spaces of non-negative sectional curvature metrics have an infinite number of components, but in each dimension only finitely many such manifolds. In [BFK17] it is shown that the space (not moduli space) of non-negative sectional curvature metrics can have higher homotopy groups which can be non-trivial and contain elements of infinite order. These are the only results on (moduli) spaces on non-negative sectional curvature metrics on open manifolds of dimension greater than two known so far. For the space of such metrics on the two-plane there are also results about connectedness properties by Belegradek and Hu [BH15] .
Together with Corollary 1.2, the following theorem therefore also implies first nontriviality results for higher rational cohomology and homotopy groups of moduli spaces of non-negatively sectional or Ricci-curved metrics on certain open manifolds: Theorem 1.9. Let M be a closed manifold with non-negative Ricci curvature. Then M Ric≥0 (M ) is homeomorphic to an open and closed subset of M Ric≥0 (M × R). In particular, M Ric≥0 (M ×R) has at least as many path components (and at least as complicated cohomology) as M Ric≥0 (M ).
(For a more precise version of Theorem 1.9 see Corollary 2.2.)
To obtain the results of the present paper, we employ in a new way the splitting theorem of Cheeger and Gromoll [CG72b] . It allows us to construct maps from moduli spaces to other spaces whose topology is easier to understand.
For example, by the splitting theorem, a closed non-negatively Ricci-curved manifold (M, g) with π 1 (M ) = Z n is isometric to a bundle with simply connected non-negative Ricci curved fiber (N, h) over a flat n-dimensional torus (T n , h ′ ). We define maps
If M is diffeomorphic to the product N × T n , a crucial step in our arguments is then to prove that these maps have sections. Therefore the topology of M Ric≥0 (M ) is at least as complicated as the topology of M Ric≥0 (N ) and M sec=0 (T n ). It is known that for certain choices of (4k + 3)-dimensional manifolds N , where k ≥ 1, the moduli space M Ric≥0 (N ) is non-connected. Hence, by the above argument, we get non-connectedness results for moduli spaces in arbitrary dimensions 4k + 3 + n ≥ 7 with n = 0, 1, 2, . . . ∈ N.
Another ingredient in the proofs of the above results consists in having knowledge about the moduli space of flat metrics on an n-dimensional torus. By classical work of Wolf [Wol73] , it is known that the moduli space M sec=0 (T n ) of such metrics is homeomorphic to the biquotient space O(n)\GL(n, R)/GL(n; Z). However, and quite surprisingly, it seems that until now the topology of this moduli space has never been further studied by geometers (compare here, e.g., also the corresponding remarks in [BDP17] ).
But let us now observe that this latter space is actually a model for the classifying space B F IN GL(n, Z) for the family of finite subgroups of GL(n, Z). This fact does not seem to have been noticed before in the context of moduli spaces. But it was, of course, observed in the context of classifying spaces (see for example [Lue05] ) which indeed have been studied intensively by topologists. Employing their work (see Proposition 4.4 for details) in our study of moduli spaces, we can then detect non-trivial classes in rational cohomology groups and rational homotopy groups of M Ric≥0 (M ).
The remaining parts of this article are organised as follows. We discuss non-negatively Ricci curved metrics on products M ×R in section 2. In the next section 3 we investigate metrics on M × S 1 . The last section 4 is devoted to a study of products of a simply connected manifold M with a higher dimensional torus.
It is our pleasure to thank Igor Belegradek, Boris Botvinnik, Anand Dessai, Stephan Klaus, and David Wraith for their comments on an earlier version of this paper.
Metrics on products with the Euclidean line R
In this section we prove the following theorem and apply it to moduli spaces.
Theorem 2.1. Let (M, g 0 ) be a complete connected Riemannian manifold which is isometric to (N 0 , h 0 ) × R where N 0 is closed. Moreover, let g n be metrics on M which converge, as n → ∞, for r > 1 to g 0 with respect to the C r -topology of uniform convergence on compact subsets. Assume that there exist isometries
• for sufficiently large n there are diffeomorphisms φ n : N 0 → N n .
• the metrics φ * n h n converge in C r -topology to h 0 . Proof. Notice that M has two ends and that we can assume that under ψ n the first end is mapped to −∞ and the second end to +∞.
For x ∈ M let γ x,n : R → (M, g n ) be the unique line from the first end to the second end passing through γ x,n (0) = x.
Since g n converges in C 1 -topology to g 0 and since the unit sphere in T x M is compact, by restricting to a subsequence, we can assume that the γ x,n converge in the C 1 -topology of uniform convergence on compact sets to a geodesic in (M, g 0 ) from the first end to the second end passing through x (see [Sak83] ). We claim that this geodesic γ is a line in (M, g 0 ) and hence is equal to γ x,0 . Indeed, if t 1 , t 2 ∈ R, t 1 < t 2 , then we have for all n:
Since g n converges uniformly on compact sets to g 0 and γ x,n converges uniformly on compact sets to γ, we have that the left hand side of the above equation converges to d 0 (γ(t 1 ), γ(t 2 )). Because the right hand side is constant, it follows that γ is a line and hence equal to γ x,0 . Since this holds for all subsequences, we have that γ x,n → γ x,0 in C 1 -topology uniformly on compact sets. Now let X n be the vector field on M given by X n (x) := dγx,n dt (0). By the above remark, X n then converges in C 0 -topology to X 0 uniformly on compact sets. Now consider the map
For the following computations we use the isometric embeddings ψ −1 n | Nn×{0} to identify (N n , h n ) with submanifolds of (M, g n ). With this identification we have, for
This means that, for sufficiently large n, φ n is an immersion and therefore a covering. Since φ n induces an isomorphism on fundamental groups, it follows that φ n is a diffeomorphism. Therefore if X, Y, Z are vector fields on N 0 , we can compute
Here ∇ n denotes the Riemannian connection on (M, g n ). Note here that under the isometry (M, g n ) ∼ = (N n × R, h n + dt 2 ), the vector field X n corresponds to the constant length vector field ∂/∂t on N n × R tangent to the second factor. Hence, ∇ n X n = 0 follows. Notice, moreover, that the above convergence is uniform on N 0 .
We can deal with higher derivatives of the metrics in a similar way, and hence the claim follows.
Let now (M, g) be a complete simply connected manifold of non-negative Ricci curvature. By the Cheeger-Gromoll splitting theorem [CG72b] 
Motivated by what one encounters in the case of non-negatively sectional curved manifolds, we call (N, h) the Ricci soul of (M, g).
If (M ′ , g ′ ) is a closed manifold of non-negative Ricci-curvature, then we call the Ricci soul (N, h) of the universal covering of M ′ the Ricci soul of M ′ . Note that in this case N is compact.
Corollary 2.2. Let M be a closed manifold. Then for r > 1 there is a homeomorphism
Ric≥0 (M × R) denotes the moduli space of those non-negatively Ricci-curved metrics on M × R whose Ricci soul is diffeomorphic to M , equipped with the C r -topology of uniform convergence on compact subsets.
Proof. The inverse map of the above map is induced by the map which assigns to a metric on M its metrical product with a line.
Therefore it suffices to construct a continuous Diff(M × R)-invariant map
. We define this map to be the map which assigns to a metric on M × R of non-negative Ricci-curvature the restriction of that metric to an integral manifold of the distribution on M × R which is orthogonal to the lines with respect to this metric. By the splitting theorem of Cheeger and Gromoll [CG72b] this metric has non-negative Ricci curvature, and by Theorem 2.1 above this assignment is continuous. Hence the claim follows.
Remark 2.3. Note that our argument above in the case 2 ≤ r < ∞ corrects and fills a gap in the proof of Proposition 2.8 of [BKS11] . There it is claimed that a map sending a metric in M r 0 (M ) to the product with a line gives a homeomorphism
where r 0 = r if r = 0 or r = ∞ and r 0 = r − 1 otherwise. But this is discontinuous unless r = 0 or r = ∞, since taking products of metrics does not increase the regularity of a metric. (See also [BKS18] .)
3 Metrics on products with the circle S
1
In this section we consider connectedness properties of the space and moduli space of non-negative Ricci-curved metrics on M × S 1 , where M is a simply connected closed manifold. The following lemma will turn out to be the key structural result in this study.
Lemma 3.1. Let M be a closed connected Riemannian manifold with torsion free fundamental group π 1 (M ) and non-negative Ricci curvature. Then there is a simply connected compact Riemannian manifold N with non-negative Ricci curvature and a flat manifold F with fundamental group π 1 (F ) ∼ = π 1 (M ) such that M is isometric to an N -bundle with structure group π 1 (F ) associated to the universal covering R n → F . Here π 1 (F ) acts via a homomorphism ϕ :
Proof. By the splitting theorem of Cheeger and Gromoll [CG72b] the universal covering of M is isometric to N × R n and π 1 (M ) is a subgroup of Iso(N × R n ) ∼ = Iso(N )× Iso(R n ).
Since π 1 (M ) is torsion free, the projection π 1 (M ) → Iso(R n ) is injective. Moreover, for the same reason, the image of this map is a Bieberbach group and therefore acts freely and isometrically on R n . We let F denote the quotient R n /π 1 (M ). The lemma follows then by letting ϕ be the projection from π 1 (M ) to Iso(N ).
Remark 3.2. The torsion-freeness of π 1 (M ) is necessary to guarantee that F is a manifold. If this is not the case, one can replace F by a flat orbifold, compare [Bel04] .
Remark 3.3. By the Bieberbach theorems, the manifold F in the above lemma is determined up to affine diffeomorphism by π 1 (M ).
Theorem 3.4. Let (M, g 0 ) be a compact connected Riemannian manifold with nonnegative Ricci curvature and fundamental group π 1 (M ) ∼ = Z. Moreover, let g n be a sequence of metrics of non-negative Ricci-curvature on M , which converges in C ∞ -topology to g 0 . Then there is a sequence of simply connected Riemannian manifolds (N n , h n ) and a n > 0 for n ≥ 0 such that for sufficiently large n we have:
• there are isometries ψ n : (M, g n ) → (N n , h n ) × anZ R as in the above lemma, which induce the identity on Z = π 1 (M ).
• there are diffeomorphisms φ n : N 0 → N n .
• φ * n h n converges in C ∞ -topology to h 0 .
• the isometry groups Iso(N 0 , φ * n h n ) are, for n sufficiently large, conjugate in Diff(N 0 ) to subgroups of Iso(N 0 , h 0 ) .
• the homomorphisms ϕ n : Z ∼ = a n Z → Iso(N 0 , φ * n h n ) ⊂ Diff(N 0 ) converge in Diff(N 0 )/ Iso(N 0 , h 0 ) to ϕ 0 . Here Iso(N 0 , h 0 ) acts on Diff(N 0 ) by conjugation.
Proof. The first claim follows from Lemma 3.1 above. The second and third claim follow from Theorem 2.1 by considering the pullback metrics on the universal covering of M .
The fourth claim then follows from the previous claims by Ebin's slice theorem [Ebi70] , which shows that every metric g on N 0 has a neighborhood V in the space of metrics on N 0 such that the isometry group of every g ′ ∈ V is conjugate to a subgroup of the isometry group of g.
To see the last claim we argue as follows: The isometry ϕ n (1) fits into the following commutative diagram:
Here l n is given by following the flow of the vector field X n for time a n and, moreover, τ is given by the action of a generator of the fundamental group of M on the universal covering N 0 × R.
The horizontal maps are lifts of ψ −1 n • φ n . They are clearly isometric embeddings, and therefore every subsequence of these maps has a subsequence which converges to an isometric embedding of (N 0 , h 0 ) in (N 0 × R, g 0 ) by the Arzela-Ascoli lemma. This embedding restricts to an isometry of (N 0 , h 0 ).
Since the vector fields X n converge to the field X 0 , it thus suffices to show that the sequence of numbers a n converges to a 0 .
By shrinking the fibers of 1 m N n → (M, g n ) → F n = R/a n Z, one obtains a sequence of manifolds which Gromov-Hausdorff converge to F n for m → ∞. But if we fix m and consider the limit n → ∞, these manifolds converge to
To see this, note that if Y, Z are tangent vectors to M then the shrunk metric g n,m is given by
Hence it follows that if g n and g 0 are ǫ -close in the C 0 -topology and if X n is ǫ -close to X 0 for some ǫ > 0, then g n,m is Cǫ -close to g 0,m for some constant C > 0 which is independent of ǫ and m. Hence, by interchanging the order of taking limits, it follows that F n Gromov-Hausdorff converges to F 0 as n → ∞. Whence a n converges to a 0 and the claim follows.
As a direct consequence of the above theorem we have:
Corollary 3.5. Let M be a simply connected closed smooth manifold of dimension at least 5 which admits a Riemannian metric with non-negative Ricci curvature. Then there is a continuous map
which has a continuous section. In particular, the moduli space M Ric≥0 (M × S 1 ) of Riemannian metrics with non-negative Ricci curvature on M × S 1 has at least as many path components as the moduli space M Ric≥0 (M ) of metrics with non-negative Ricci curvature on M .
Proof. Note first that by the dimension assumption and the h-cobordism theorem every Ricci soul of a non-negatively Ricci curved metric on M ×R is diffeomorphic to M . Thus the map sending a metric on M × S 1 to its Ricci soul is well-defined and continuous by the above theorem. The section to this map is given by sending a metric on M to the product metric with the circle of length 2π.
As another consequence we have:
Corollary 3.6. In the situation of the above theorem 3.4, denote by M ′ Ric≥0 (M ) the moduli space of non-negatively Ricci curved metrics whose Ricci soul is diffeomorphic to N 0 . Then there is an embedding
where h and ϕ are as in Lemma 3.1. Here τ denotes the involution on Diff(N 0 ) which sends a diffeomorphism to its inverse. Moreover, Diff(N 0 ) acts on on Diff(N 0 )/τ by conjugation and a is the length of the circle F as defined in Lemma 3.1.
This embedding identifies M ′ Ric≥0 (M ) with its image
where B is the set of those diffeomorphisms of N 0 whose mapping torus is diffeomorphic to N 0 × S 1 .
Proof. To prove that Φ is continuous, it suffices to show that the map
is well-defined, continuous and Diff(M )-invariant. To prove well-definedness, let h 0 and h 1 be two metrics on N 0 and ϕ 0 and ϕ 1 be the corresponding elements of the diffeomorphism groups of N 0 such that M is of the form described in Lemma 3.1 for both pairs (h 0 , ϕ 0 ) and (h 1 , ϕ 1 ). Then we have isometries which are compatible with the deck transformation groups
Since the isometry φ = ψ Since the deck transformation groups in (N 0 , h i ) × R → M , i = 1, 2 are conjugate via φ, it follows that the ϕ i are conjugate via φ 0 . This shows that our map is also well-defined.
Moreover, the Diff(M ) invariance is clear by the following argument: if (h 0 , ϕ 0 ) are as in Lemma 3.1 for the metric g on M , then for any diffeomorphism φ of M one has that (h 0 , ϕ 0 ) satisfies the same relations for φ * g.
Therefore it remains to show the continuity. To do so, let g 0 be a metric on M and g n be a sequence of metrics on M converging to g 0 . By the above theorem, we can find sequences h n and ϕ n of metrics on N 0 and diffeomorphisms of N 0 such that:
• the (h n , ϕ n ) are as in Lemma 3.1 for (M, g n );
• the h n converge to h 0 ;
• there are isometries ψ n of (N 0 , h 0 ) such that ψ n • ϕ 0 • ψ −1 n is close to ϕ n in Diff(N 0 ) for n large.
Since, moreover,
n ], in the target of our map the continuity follows.
It is clear that A is the image of our map. Moreover, it follows from Lemma 3.1 that the map is also injective. Therefore, it only remains to show the continuity of the inverse map on A.
To do so, let (h n , ϕ n , a n ) ∈ R(N 0 )×Diff(N 0 )×R >0 converge to (h 0 , ϕ 0 , a 0 ). Moreover, let ψ n be a diffeomorphism from the mapping torus of ϕ n to M × S 1 , and denote by g n the metric induced by ψ n , h n , ϕ n , a n on M × S 1 .
Then for n large enough, we can find a path φ n,t from the identity in Diff(N 0 ) to
induced by φ n,t on mapping tori. Since (ϕ n , a n ) converges to (ϕ 0 , a 0 ), we can assume that the lift of φ ′ n to N 0 × [0, a n ] is close to the identity. Since h n converges to h 0 , it also follows that (ψ 0 • φ ′ n • ψ −1 n ) * g 0 is close to g n for large n. Hence the claim follows.
4 Path components and rational cohomology groups of products with flat tori
In this section we investigate the components and rational cohomology groups of moduli spaces of non-negative Ricci curved metrics on products of manifolds with tori. To this means, we first have:
Assume that there are metrics g n on M which converge in the C r -topology, r > 1, to g 0 uniformly on compact sets and assume furthermore that (M, g n ) is isometric to (N n , h n ) × R k with N n compact. If there exists a constant C > 0 such that diam N n < C for all n, then for large enough n ∈ N the following is true:
• the metrics φ * n h n converge in the C r -topology to h 0 .
Since lines in (M, g n ) converge to lines in (M, g 0 ) and the integral curves of the Y in are lines, for each i and each subsequence Y in k there is a subsequence Y in k j which converges to some parallel vector field Y i0 .
Because diam N n < C for all n ∈ N, for all lines δ in (M, g 0 ) there is a sequence of lines δ n in (M, g n ) which converges to δ. Therefore and since the g n converge to g 0 , the Y 10 , . . . , Y k0 form an orthonormal basis of
In particular, the orthogonal projections
This means that, for sufficiently large n, φ n is an immersion and therefore a covering. Since φ n induces an isomorphism on fundamental groups, it follows that φ n is a diffeomorphism. A similar computation as in the proof of Theorem 2.1 then shows that the metrics φ * n h n converge in C r -topology to h 0 .
Corollary 4.2. Let M be a simply connected compact manifold that admits a metric with non-negative Ricci curvature. Then there is a continuous map
which has a continuous section. Here M ′ (M × T k ) is the union of those components of M(M × T k ) which contain the Ricci souls that are diffeomorphic to M . In particular, we have that the moduli spaces M ′ Ric≥0 (M × T k ) as well as M Ric≥0 (M × T k ) have at least as many path components as M Ric≥0 (M ).
Proof. The universal covering of a non-negative Ricci-curved metric on M × T k is isometric to N × R k with some non-negatively Ricci-curved manifold such that N × R k is diffeomorphic to M × R k .
Notice here that the diameter of N is bounded from above by the diameter of M × T k because N is isometric to a totally geodesic submanifold of M × T k . Therefore, by the above theorem the diffeomorphism type of N is constant on each component of M Ric≥0 (M × T k ) and the map which sends a metric on M × T k to its Ricci soul is continuous. Therefore the section to this map is given by sending a metric on M to the product metric with the circles of length 2π.
Theorem 4.3. Let M be a non-negatively Ricci-curved manifold as in Lemma 3.1. Then there is a continuous map
where h ′ and h are the metrics on the fiber and base of the Riemannian submersion (M, g) → F as in Lemma 3.1.
Proof. Gromov-Hausdorff convergence of flat metrics on F coincides with convergence in C ∞ -topology. Therefore it suffices to show that if g n is a sequence of metrics as in Lemma 3.1 converging to g 0 , then the induced metrics h n on F Gromov-Hausdorff converge to the metric h 0 . This follows as in the proof of Theorem 3.4, because if we shrink the fibers of the Riemannian submersions (M,
Proposition 4.4. Let T n be an n-dimensional torus, then the following holds:
Proof. By [Wol73] , the space M = M sec=0 (T n ) is homeomorphic to the biquotient
The space O(n)\GL(n, R) of scalar products on R n is a model for the classifying space E F IN GL(n, Z) for the family FIN of finite subgroups of GL(n, Z). Hence it follows from Lemma 4.14 of [Lue07] that M has the same rational cohomology groups as the classifying space BGL(n, Z).
The rational cohomology groups H 3 (BGL(n, Z); Q) and H 5 (BGL(n, Z); Q) of this space have been computed for n = 4 [LS78] , for n = 5, 6, 7 [EVGS13] , and for n ≥ 11 [Bor74] , [vdK80] . In the first case the first group is isomorphic to Q, whereas in the other cases the second group is isomorphic to Q. Note that in all these cases these groups are the first non-trivial rational cohomology groups.
Hence the last two claims follow from the Hurewicz theorem once we have proved the first claim.
The second claim for n = 1 is trivial because GL(1, Z) is a finite group. For n = 3 this claim was proven by Soulé [Sou78] . For n = 2 one can argue as follows.
Taking the first claim for granted, O(n)\GL(n, R)/GL(n, Z) is a two-dimensional simply connected model for B F IN GL(2, Z) = (E F IN GL(2, Z))/GL(2, Z).
Hence the only possibly non-trivial homology group of this space with integer coefficients is H 2 . Moreover, H 2 must be torsion-free. But it is a classical result (see for example [Ser03] ), that is the trivial group. Therefore this also holds with integer coefficients and the claim follows.
Hence it remains to prove that O(n)\GL(n, R)/GL(n, Z) is simply connected for n ≥ 2. This goes as follows.
From [Arm82] we get that the fundamental group π 1 (O(n)\GL(n, R)/GL(n, Z))
is isomorphic to GL(n, Z)/N , where N is the normal subgroup of GL(n, Z) generated by those elements which have fixed points in O(n)\GL(n, R). By the above discussion, it follows that the group N is the subgroup of GL(n, Z) which is generated by all elements of finite order. By Corollary 16.3 from [Mil71] and the remark following it, the group SL(n, Z) is generated by elementary matrices if n ≥ 3. Hence, it follows that SL(n, Z) is generated by the images of finitely many group homomorphisms SL(2, Z) → SL(n, Z). Since SL(2, Z) is generated by two elements of finite order, it follows that SL(n, Z) is generated by finitely many elements of finite order for every n ≥ 1.
Because GL(n, Z) is a semi-direct product of SL(n, Z) and Z/2, this implies in turn that GL(n, Z) = N . Hence the biquotient space O(n)\GL(n, R)/GL(n, Z) is simply connected.
Corollary 4.5. Let M be a simply connected closed smooth manifold which admits a metric with non-negative Ricci curvature, and let T be a torus of dimension n ≥ 4, n = 8, 9, 10. Then the moduli space M Ric≥0 (M × T ) of non-negatively Ricci curved metrics on M × T has non-trivial higher rational cohomology groups and non-trivial higher rational homotopy groups.
Proof. The map M Ric≥0 (M × T ) → M sec=0 (T ) from Theorem 4.3 has a section. Therefore the cohomology of M Ric≥0 (M × T ) is at least as complicated as the cohomology of M sec=0 (T ). Therefore the claim follows from Proposition 4.4 above.
